The generalized volume conjecture and the AJ conjecture (a.k.a. the quantum volume conjecture) are extended to U q (sl 2 ) colored quantum invariants of the theta and tetrahedron graph. The SL(2, C) character variety of the fundamental group of the complement of a trivalent graph with E edges in S 3 is a Lagrangian subvariety of the Hitchin moduli space over the Riemann surface of genus g = E/3 + 1. For the theta and tetrahedron graph, we conjecture that the configuration of the character variety is locally determined by large color asymptotics of the quantum invariants of the trivalent graph in terms of complex Fenchel-Nielsen coordinates. Moreover, the q-holonomic difference equation of the quantum invariants provides the quantization of the character variety.
Introduction and summary
The volume conjecture provides a relation between colored Jones polynomials of a knot and the hyperbolic volume of the complement of the knot in S 3 . After its formulation [19, 23] , we have witnessed its extensions of various kinds which relate quantum invariants of knots and classical geometry of knot complements. In particular, the generalized volume conjecture [16] connects quantum invariants and character varieties of knot groups, and the AJ conjecture (a.k.a. the quantum volume conjecture) [12, 13, 16] gives the quantization of character varieties. In this letter, we will consider U q (sl 2 ) quantum invariants of simple planar graphs in the context of the generalized volume conjecture and the AJ conjecture.
A trivalent graph Γ is a closed one-dimensional cell complex where three edges meet at each vertex. Therefore, the number E of edges and that V of vertices are related by 2E = 3V . Colored U q (sl 2 ) quantum invariants J n 1 ,··· ,n E (Γ; q) of a trivalent graph [5, 22, 28] can be obtained as follows. First, each edge of the graph carries a representation of U q (sl 2 ) as a color which is specified by an integer n i ∈ Z corresponding to the spin-n i /2 representation of U q (sl 2 ).
The colors (a, b, c) on three edges meeting a trivalent vertex must obey the fusion rule, i.e. |a − b| ≤ c ≤ a + b. We also call a pair (a, b, c) subject to the fusion rule an admissible set. Then, the quantum invariant of the colored trivalent graph can be obtained by summing over angular momentum states of U q (sl 2 ) Clebsch-Gordan (q-CG) coefficients [20] associated to trivalent vertices. Specifically, this letter will deal with the first two simplest trivalent graphs: a theta graph ( Figure 1 ) and a tetrahedron graph ( Figure 2 ).
In fact, colored quantum invariants of trivalent graphs have been taken into account in terms of the volume conjecture [4, 6, 7, 24, 25, 28] . Namely, a suitable large color limit of quantum invariants of a trivalent graph can be related to the hyperbolic volume of the complement of the graph. Hence, our aim is to extend the generalized volume conjecture and the AJ conjecture (the quantum volume conjecture) for trivalent graphs.
For completeness, we will first briefly review the generalized volume conjecture and the AJ conjecture for colored Jones polynomials of knots. The generalized volume conjecture [16] amounts to the statement that in the double scaling limit, n → ∞, q = e → 1 with x = q n/2 fixed, the asymptotic behavior of the colored Jones polynomials J n (K; q), for any knot K takes the form
where the y(x) essentially gives the zero locus of the classical A-polynomial A(K; x, y(x)) = 0. The A-polynomial is also a knot invariant which describes the moduli space of SL(2, C) flat connections over the knot complement S 3 \K. This moduli space is also called as SL(2, C) character variety of the fundamental group of the knot complement S 3 \K. Recall that the moduli space M flat (T 2 , SL(2, C)) of SL(2, C) flat connections on the boundary torus of the knot is a hyper-Kähler variety C × × C × /Z 2 . The space C × × C × is spanned by the holonomy eigenvalues of the SL(2, C) gauge connection along the meridian x and the longitude y of the torus, and Z 2 is the Weyl group symmetry of the gauge group SL(2, C). The moduli space of SL(2, C) flat connections on the knot complement S 3 \K is the Lagrangian subvariety of the moduli space M flat (T 2 , SL(2, C)), with respect to the symplectic form ω = 1 d log x ∧ d log y, defined by the zero locus of the A-polynomial:
Furthermore, the quantization of character varieties of knot groups π 1 (S 3 \K) can be obtained by considering the recursion relations of Jones polynomials, which is called the AJ conjecture [12, 13] or the quantum volume conjecture [16] . The recursion of the colored Jones polynomials of minimal order can be manipulated in the form
where the operatorx andŷ has the following action on the colored Jones polynomial:
The quantum A-polynomial A(K;x,ŷ; q) reduces to the classical one at q = 1: A(K; x, y; q = 1) = A(K; x, y).
It is natural to ask whether the generalized volume conjecture and the AJ conjecture are applicable for quantum invariants of a trivalent graph Γ with E edges colored by representations n 1 , · · · , n E . Although one can consider knotted trivalent graphs in general, we restrict ourselves to the case of planar graphs, graphs which can be projected to the plane, for brevity in this paper. For a planar trivalent graph, the boundary of the tubular neighborhood of the graph Γ is no longer a torus but a Riemann surface of genus g ≥ 2. Actually, the genus is expressed by the number of edges via g = E/3 + 1. This can be explained as follows. Let us project the trivalent graph Γ on two-sphere S 2 . This provides a cell decomposition of S 2 where the number F of two-complex cells is indeed F = g + 1. Since the Euler characteristics of S 2 is two, we have the relation
Using 2E = 3V and F = g + 1, we obtain g = E/3 + 1. In fact, the moduli space M flat (Σ g , SL(2, C)) of SL(2, C) flat connections on the boundary Riemann surface of genus g is known as the Hitchin moduli space on Σ g , which is a non-trivial hyper-Kähler variety of dim C = 6g − 6 = 2E [17] . Assigning a simple closed curve corresponding to each edge of the graph to the Riemann surface Σ g , pants decomposition of Σ g is obtained.
(See for example, Figure 1 and 2.) As a result, the set of the SL(2, C) holonomy eigenvalue x i along a simple closed curve and its canonical conjugate "twist" variable y i becomes local Darboux coordinates of the Hitchin moduli space, so-called complex Fenchel-Nielsen coordinates [15, 9, 10] . Since the moduli space M flat (S 3 \Γ, SL(2, C)) of SL(2, C) flat connections on the complement of the trivalent graph Γ in S 3 is a Lagrangian subvariety of M flat (Σ g , SL(2, C)), the configuration of the moduli space M flat (S 3 \Γ, SL(2, C)) ⊂ M flat (Σ g , SL(2, C)) can be locally specified by complex Fenchel-Nielsen coordinates. Now, one can ask a question whether there is a relation between colored quantum invariants J n 1 ,··· ,n E (Γ; q) of a graph and the the configuration of the moduli space
In what follows, we will make a modest step to answer to this question for the theta and tetrahedron graph. Therefore, let Γ be either the theta or tetrahedron graph and J n 1 ,··· ,n E (Γ; q) be its colored quantum invariants. In the double scaling limit q = e → 1 and n i → ∞ with q n i /2 = x i fixed (i = 1, · · · , E), we conjecture that the large color asymptotics of quantum invariants of Γ exhibits the form
where the integral is performed over the moduli space M flat (S 3 \Γ, SL(2, C)) determined by 3g − 3 = E set of equations
Note that {x i , y i } i=1,··· ,E are complex Fenchel-Nielsen coordinates of the Hitchin moduli space. This set of equations can be obtained by solving the equations
Furthermore, the moduli space M flat (S 3 \Γ, SL(2, C)) defined by (7) is the Lagrangian subvariety of dim C = 3g−3 = E in the moduli space M flat (Σ g , SL(2, C)) with respect to the symplectic
It is straightforward to formulate the AJ conjecture for the theta and tetrahedron graph. Similar to the operator actionsx andŷ in (4), let us define the acton of operatorsx j andŷ j (j = 1, ..., E) on the graph invariant as follows:
We should stress out that the fusion rule allows to increase the rank of a representation by two boxes in terms of Young tableaux unlike the case of knot invariants. Then, a recursion relation of minimal order with respect to one of colors
can be written as
where
The set of the operators A j (Γ;ŷ j , {x i }; q) (i = 1, ..., E) provides the quantization of the character variety M flat (S 3 \Γ, SL(2, C)) defined by (7) in the sense that
In the following sections, we will demonstrate explicit calculations of A j (Γ; y j , {x i }) for the theta and tetrahedron graph.
Theta graph
A theta graph is the simplest trivalent graph with three edges E = 3 and two trivalent vertices V = 2 as shown in Figure 1 . The colored quantum invariant J a,b,c (Θ; q) (a, b, c ∈ Z) of the theta graph can be written as a state sum involving product of two Clebsch-Gordan coefficients [5] .
In [22] , the invariants of the theta graph is written in the succinct form by using the Wenzl's recursion formula for Jones idempotents of the Temperly-Lieb algebra
The numbers in square brackets are known as q-number defined by
where q → 1 gives the number n. Similarly, a q-factorial is given by 
Classical character variety
As shown in Figure 1 , the tubular neighborhood of the theta graph is a genus-two handlebody. Hence, the moduli space M flat (Σ g=2 , SL(2, C)) of SL(2, C) flat connections on the boundary Riemann surface Σ g=2 of genus-two is a hyper-Kähler variety of dim C = 6 [17] whose local coordinates are spanned by the holonomy eigenvalues (x a , x b , x c ) and twist coordinates (y a , y b , y c ).
The moduli space M flat (S 3 \Θ, SL(2, C)) of SL(2, C) flat connections on the complement S 3 \Θ is a Lagrangian subvariety of the moduli space M flat (Σ g=2 , SL(2, C)) with respect to the symplectic form ω = 1 i d log x i ∧d log y i , which is described by the zero loci of the set of algebraic equations A j (Θ; y j , {x i }) = 0 (j = a, b, c)
The generalized volume conjecture states that the set of equations can be obtained by taking large color limit of the U q (sl 2 ) quantum invariants of the theta graph. In order to explicitly see
Thus, in the limit
the quantum invariant of the theta graph (14) takes the form
where the Neumann-Zagier potential is written by
The set of equations which determines the moduli space M flat (S 3 \Θ, SL(2, C)) can be obtained from
Hence, plugging the Neumann-Zagier potential (19) into the equations, we conjecture that the moduli space M flat (S 3 \Θ, SL(2, C)) is determined by the zero loci of the following equations
in the moduli space M flat (Σ g=2 , SL(2, C)). In fact, we have checked that the subvariety defined by the zero loci of the set of the equations (21) satisfy the Lagrangian condition. Namely, the symplectic form ω = 1 i d log x i ∧ d log y i vanishes on the subvariety. We conjecture that the set (21) of the equations locally determines the moduli space M flat (S 3 \Θ, SL(2, C)) ⊂ M flat (Σ g=2 , SL(2, C)). It is desirable to obtain the SL(2, C) character variety of the fundamental group π 1 (S 3 \Θ) in terms of the complex Fenchel-Nielsen coordinates {x i , y i } by the other means.
Quantum character variety
In order to quantize the classical character varieties A i ({x i }, y i ), we introduce operatorsx i and y i , whose actions on J a,b,c (Θ; q) are as follows:
From the following recursion relation for J a,b,c (Θ, q)
we can deduce the form for the quantum character variety as
Our proposal of the quantization of the character variety for the theta graph is evident from the equality of q → 1 limit of (24) with the classical character varieties (21).
Tetrahedron graph
The colored quantum invariants J j 1 ,...j 4 ,j 12 ,j 23 ( ; q) for the tetrahedron graph are know as the quantum 6j-symbols for U q (sl 2 ) [21] , up to a certain factor, which are written as state sum of product of four q-CG coefficients. In this paper, we adopt the notation used in [22] Figure 2: Tetrahedron graph and its tubular neighborhood.
where we define
Note that j i ∈ Z represent the spin-j i /2 representations of U q (sl 2 ) assigned to the six edges ( Figure 2) . If a singlet representation is placed on an edge of the tetrahedron, the tetrahedron invariant reduces to the quantum invariant (14) of the theta graph. It is well-known that the tetrahedron invariant exhibits the following symmetry properties:
In what follows, we shall obtain the classical and quantum character varieties of the complement of the tetrahedron graph in S 3 . To this end, we will ignore the factor in front of the summation in (25) since the effect of the factor can be absorbed into the redefinition of the variables y i . It turns out [21] that the summation part can be written in terms of the basic hypergeometric series
Classical character variety
It is easy to see that the tubular neighborhood of the tetrahedron graph is a genus-3 handlebody. Hence, as Figure 2 depicted, the moduli space M flat (Σ g=3 , SL(2, C)) of SL(2, C) flat connections on the boundary Riemann surface Σ g=3 will be a 12-dimensional hyper-Kähler variety [17] whose coordinates are spanned by the holonomy eigenvalues x i (i ∈ {1, · · · , 4, 12, 23}) and their conjugate variables y i (i ∈ {1, · · · , 4, 12, 23}). The classical character variety M flat (S 3 \ , SL(2, C)) of the complement of the tetrahedron graph is determined by a set of six Laurent polynomials
which cuts out the Lagrangian subvariety of the moduli space M flat (Σ g=3 , SL(2, C)). To see the explicit form of (29) via the generalized volume conjecture, we will take the limit
of the colored quantum invariants of the tetrahedron graph. In this limit, the summation over m in (28) is approximated an integral over a variable z = q m
where the Neumann-Zagier potential can be read off from (16) as
The leading contribution of the asymptotics comes from the saddle point z = z 0
Therefore, the zero locus of the classical character variety is determined by
Substituting the Neumann-Zagier potential (32) into the above equations for k = 1, we have
Eliminating z 0 from these two equations, we obtain an explicit expression
From this expression, we can find the other formulas by using the symmetry property (27) ,
Thus, we conjecture that the zero locus of these six polynomial equations represents the classical character variety of the tetrahedron graph in the moduli space M flat (Σ g=3 , SL(2, C)). Indeed, we have verified that it is subject to the Lagrangian condition by showing the symplectic form ω = i i d log x i ∧ d log y i = 0 on the subvariety.
Quantum character variety
As we have seen, the colored quantum invariants of the tetrahedron graph can be written in terms of a balanced basic hypergeometric series 4 ϕ 3 . Moreover, it is a certain orthogonal polynomial called an Askey-Wilson polynomial [2] . Thus, we can obtain the recursion relation [2, 18] which is explicitly written as
Using the following action of the quantum operatorx i and the conjugate operatorŷ 1 for the tetrahedron invariantx
we can write (38) as an operator which annihilates the quantum invariants of the tetrahedron graph
As q → 1, the equation (42) reduces to its classical counterpart (36) up to a factor 1 − x 2 1 . The other five equations easily follows from the symmetry property (27)
In fact, these recurrence relations can be considered as the actions of line operators on the S-duality wall of N = 2 SU (2) supersymmetric gauge theories with N f = 4 [9] .
Discussions
In this letter, we have proposed extensions of two conjectures: (i) the generalized volume conjecture for trivalent graphs (ii) the AJ conjecture for trivalent graphs. Particularly, our elaborate exercise for the theta and tetrahedron graphs provides a strong evidence for both the conjectures. To confirm that both the conjectures are true in these cases, it requires to derive the expressions of the classical character variety by gluing equations of ideal tetrahedra triangulations of the complement. Even if the conjectures are true, the configurations of character varieties obtained in this paper provide only local information. The further investigation has to be undertaken to study their global structure.
Although we have dealt with only the theta and tetrahedron graphs in this paper, one can also consider general planar trivalent graphs as well as knotted trivalent graphs [28] . However, we do not expect that the large color asymptotics and recursion relations with respect to only one color would provide character varieties of any trivalent graphs. In fact, in the context of multi-component links, recursion relations involving multi-colors have to be taken into account in order to determine the character variety of the complement in general. Therefore, we rather expect that there are E recursion relations involving multi-colors A i (Γ; {x j }, {ŷ k }; q)J n 1 ,··· ,n E (Γ; q) = 0 , (i = 1, · · · , E).
whose classical limits determine the character variety of a trivalent graph. In the case of knots, both the conjectures are extended for the HOMFLY polynomials colored by symmetric representations [1, 11, 14] . To the contrary, in the case of U q (sl N ) quantum invariants of a trivalent graph, the fusion rule does not allow to increase just one of the colors for representations of U q (sl N ). Hence, there is no recursion relation with respect to only one of the colors for higher rank quantum invariants of trivalent graphs. This is the reason why an expression for quantum 6j-symbols of U q (sl N ) [26] for a simplest class of multiplicity-free representations cannot be written as an Askey-Wilson polynomial. Consequently, the recursion relations for U q (sl N ) quantum invariants of trivalent graphs are much more complicated involving multiple colors and general Young tableaux. The feasibility is beyond the scope of our current techniques.
It is well known that the quantum 6j-symbols expressed in terms of the Askey-Wilson polynomials 4 ϕ 3 exhibit remarkably rich symmetries and dualities. Translating this property in the context of the 3d/3d correspondence, the dualities turn out to be 3d mirror symmetries. According to [8] , there are 40 descriptions in terms of N = 2 U (1) gauge theory and 32 descriptions in terms of N = 2 SU (2) gauge theory [27] for the 3d gauge theory corresponding to 6j-symbols. The interpretation of these relationships in terms of Stokes phenomena of holomorphic blocks [3] is currently under investigation.
